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Uncertainty of Timebase Corrections
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Abstract—We develop a covariance matrix describing the un-
certainty of a new timebase for waveform measurements deter-
mined with the National Institute of Standards and Technology’s
timebase correction algorithm. This covariance matrix is used
with covariance matrices associated with other random and sys-
tematic effects in the propagation of uncertainty for the measured
waveform.

Index Terms—Covariance analysis,
measurements, uncertainty, waveform.

oscilloscopes, pulse

I. INTRODUCTION

HE National Institute of Standards and Technology

(NIST) has developed a method for calibrating a wave-
form at every time point inside the waveform epoch [1]. The
calibration also includes a covariance matrix that provides the
uncertainty of each time point and the correlation between
different time points. This covariance matrix is constructed
from estimates of the random and systematic uncertainties of
the measurement process. A detailed description of how a
covariance matrix of the waveform is obtained, including both
type-A and type-B evaluations of uncertainty, is given in [1]
and [2].

One of the uncertainties we account for is the uncertainty
associated with the use of a new timebase in the waveform. This
new timebase is estimated by the NIST timebase correction
procedure described in [3]. The timebase correction procedure
corrects for jitter and timebase distortion in the waveform by the
use of orthogonal distance regression [4] to fit measurements
of two quadrature sinusoids simultaneously acquired with the
waveform being measured. We use the new timebase to interpo-
late the waveform to equally spaced time points. Consequently,
the uncertainty of the interpolated waveform depends on the
uncertainty of the estimate of the new timebase. In this paper,
we derive a formula for computing the uncertainties of the new
timebase. This uncertainty is in the form of a covariance matrix.

The rest of the paper is organized as follows. Section II
briefly reviews the procedure for timebase correction. In
Section III, we develop the formula for calculating the uncer-
tainty covariance matrix of the new timebase. Section IV de-
scribes how to use the new timebase to interpolate the waveform
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and calculate its uncertainty. We conclude with some summary
remarks in Section V.

II. TIMEBASE CORRECTION

A generic system of the signal generator and sampling sys-
tem for measuring and correcting timebase errors is described
in [3]. We will describe the measurement apparatus that gener-
ates the example waveforms used later in the paper to illustrate
the calculation of the uncertainty of the new timebase. The mea-
surement system and procedures are designed to produce two
quadrature sinusoids and a waveform of interest having nearly
identical timebase errors. The idea is that if we can estimate
the timebase errors from the known sinusoidal signals, we can
then apply our estimate to the waveform and compensate for
timebase errors in its measurement.

Let y;; denote the ith sample of the jth quadrature sinusoid
(=1 and 2) measured at time t;;. We use the following
model [5] to describe the measurements of the two quadrature
sinusoids:

Vi = + Y [Bjk cos(2mk ftij) + vk sin(27k fLi)] + €45
k=1
(1)

where i = 1,2, ...,n, ny is the harmonic order, f is the fun-
damental frequency of the waveforms, ¢;; is random additive
noise, and o, B, and -y, are the parameters of the model.
We write

tij = Ti + hi + 7ij

where T; = (i — 1)T is the target time of each sample, with
T, being the target time interval between samples, h; is the
systematic timebase distortion, and 7;; is the random jitter in
each sampling time. With the assumption that the random jitter
is common to all the waveforms, particularly to both sinusoids,
we have 7;1 = 7;2 = 7;, and hence, t;; = T; + h; + Tij = T +
h; +1; = T; + 6;. That is, 0; = h; + 7; is the timebase error
at time 7;. With this simplification, we rewrite y;;, given in
(1), as a function F' of T; + ¢; and model parameters 6; =
(aj; Bj1, -« - Binus Vits - > Viny) 88

yij = F(Ts + 035 05) + €5. (2)

Estimates of timebase errors ¢§; are readily available from
the orthogonal distance regression fit of the model. In this
approach, the model in (2) is fit to the data with the assumption
that both the dependent (y;,) and the independent (7;) variables
are subject to errors. (The errors in y;; and T; are ¢;; and
d;, respectively.) The least-squares estimators of 61, 65, and
d = (01,...,0,), denoted by 91, 92, and &, are the solution of

0018-9456/$26.00 © 2009 IEEE

Authorized licensed use limited to: NIST Research Library. Downloaded on September 15, 2009 at 10:13 from IEEE Xplore. Restrictions apply.



WANG et al.: UNCERTAINTY OF TIMEBASE CORRECTIONS

the minimization problem (with respect to 6, 85, and ) of the
following function:

n

R(61,62,6) = > {w[F(T; +5;; 61) — yar]”

i=1
+ wF(T; +6; 02) —yia* + 62} (3)

where w is the weight used in the least-squares procedure. A
detailed discussion on the use of the weight is given in [3].
An implementation of the above procedure using the freely
available software ODRPACK [6] is discussed in [3] and is
available at [7].

Once the 52- are obtained, we use

T,=T+4 @)

as the new timebase for the waveform that is simultaneously
measured with the two quadrature sinusoids.

III. UNCERTAINTY OF THE NEW TIMEBASE ESTIMATE

In this section, we derive the formula for calculating the
covariance matrix of the new timebase Ti, which is equal
to the covariance matrix of 6. We first state a result from
nonlinear regression analysis (e.g., see [8, p. 24]) that we will
use to derive the covariance matrix of 4. Suppose that we have
n observations (x;,y;), i = 1,...,n, that follow a nonlinear
model

yi = F(x,0) + ¢ &)

where 6 is the unknown parameter, and ¢; are zero-mean
random noise with constant variance. Let 6 be the least-squares
estimate of @ that minimizes the residual sum of squares

n n

Z {yi - F(wi,é)r = Z {Q(yi,wué)r- (6)

i=1 i=1

Then, under appropriate regularity conditions and for a large n,
the distribution of @ is approximately Gaussian, with mean 6
and covariance matrix

%, = (373) 7' 0? (7)

where o2 is the variance of ¢;, J is the Jacobian matrix whose
(i, j)th element is given by

d9(yi, x;,0)

a0, ®)

Jij =

and J7 is its transpose. The derivatives are evaluated at @ = 0,
and 6; is the jth element of .

To apply the above result to our problem, we follow an
approach described in [9] and rewrite the residual sum of
squares in (3) as

R(0:.02,8) = > [0:(61,05.5)] ©)
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with
gz:\/a[F(Ti+Szyél)_yzli|7 Z_la yn
gz+n—\/a|:F(Ti+52792)_yz2i|7 Z:L yn
Ji+2n —Sza 1=1, y 1.
Let
0.
6= 6, (10)
o

be the column vector of size 2(2ny + 1) + n containing the
least-squares estimates of the parameters in (2). The (4, j)th
element of the Jacobian matrix J is then given by
_ Oy

J 8 (bj

where ¢; is the jth element of ¢. Since J;; =0 for the
following cases:

Ji

Y

i1=1,...,n queég

i=n+1,...,2n gbjeél
t=2n+1,...,3n qﬁje@l
t1=2n+1,...,3n (bje@g

we have

\/’LjAl 0 \/E-H—l

J= 0 VwAs JwH,
0 0 I,
where Aj, of size n x (2ny, + 1), is the Jacobian of g; with
respect to 0,,i= 1,...,n; Ao, of size n x (2ny, + 1), is the
Jacobian of g; with respect to 92, i=n+1,...,2n; Hq, of
size n X n, is the Jacobian ongi with respectto d,i =1,...,n,

and is diagonal, since dg;/0; = 0if ¢ # j; Ho, of sizen x n
is the Jacobian of g; with respect to 3, i=n+1,...,2n, and
is diagonal; and I,,, of size n X n, is the identity matrix.

The approximate covariance matrix S of ¢ is then given by

S =(JTy)1s? (12)

where 62 is the residual variance of the least-squares fit and

is given by R(01,0,8)/[n —2(2n; +1)]. Since S is the
covariance matrix for all the parameter estimates of the model
and we desire only the covariance matrix of d, we partition S as

S Si2
S =
(521 S22
where S11, of size (2nj, + 1) X (2ny + 1), is the covariance
matrix for @ = (6, 0,)7; S15 = SQTI, of size (2n, +1) x n,

is the covariance matrix between @ and J; and Sso, of size
n X n, is the covariance matrix for §. Now

13)

g7y AT A, 0 ATH,
2= 0 AT A, ATH,
w HTA, HYA, HIH,+HYH,+1I,
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Let
0, = ATA, o
u 0 Ala,
 (ATH,
Q12 - <A%"H2
Q21 = {2

1
Qy=HTH,+H}H,+ EIn

be the submatrices of J”J partitioned according to S;; in
(13). Note that QQ,, is diagonal since both H; and H, are
diagonal.

With this partitioning, (12) becomes

Su S\ _ ¢ (Qy
521 522 w Q21

It can be shown that (e.g., [10, p. 33])

Qm)l
Q22 '

2

Sos = = (Qu2 — @0, Q11QL) " (14)

o
w
The above evaluation of S5 involves the inversion of an n X
n matrix. This may not be acceptable if n is large. However,
since Qo5 is diagonal, this special structure can be exploited to
more efficiently evaluate So5. Based on a result in [10, p. 33],
we have

(@ — @1Q11Q%) ' = Qs — Q21 Q@ P QY Q5

where P = (Q2, Q53 Q5; — Q1 ). The calculation of So2 now
involves the inversion of an n X n diagonal matrix Q,,, which
can easily be obtained, and the inversion of a 2(2n;, + 1) X
2(2np, + 1) matrix P. In most of our applications, ny = 3;
thus, we are required only to invert a 14 x 14 symmetric
matrix.

IV. INTERPOLATED WAVEFORM AND ITS UNCERTAINTY

Given the waveform of interest {z;;4 =1,...,n} and its
corresponding new timebase T;, we obtain m equally spaced
interpolated values of z; and their uncertainties. We use S; =
S5o to denote the covariance matrix of ’f’l We assume that
Tl < Tg << Tn (As a programming note, ’f} and the
corresponding z; must be sorted before evaluating Ss,.) Let 2;
be the ith linearly interpolated value on an equally spaced grid
{z;;4=1,...,m}; then

Z2 — 21

TQ—Tl( 1) 1 1

Fi+l T Zj P A ?
= IV T e T bz, AT <a < T

,Tj+1*Tj( ]) J J j+1
ZM(xi—Tn_l)—an_l, it T, < z;

Tn*Tn—l
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Fig. 1. Schema of the measurement apparatus.

Let S, denote the covariance matrix of the original waveform
zi, which can be obtained from repeated measurements or other
means (see the example below). The covariance matrix of the
interpolated waveform Z; is then given by

S;~J, S I +J.8.JF (15)
where the (7, j)th elements of the Jacobian matrices J; and .J ,
are 92;/0T; and 92;/9z;, respectively. Since there are only two
nonzero elements on each row of J; and J ., this simplifies the
calculation of S;. Further simplification can be realized if S,
is diagonal.

We use the following experiment to illustrate the calculation
of Z; and S;. Fig. 1 shows the measurement apparatus used
to generate the waveforms. The synthesized signal generator
produces 6.5408-GHz sine waves. The 90° hybrid coupler pro-
duces quadrature sinusoids that are measured on channels 1 and
2. The samplers in channels 1 and 2 have a nominal bandwidth
of 12.4 GHz and a root-mean-square additive voltage noise
(with no signal applied) of 0.2 mV. The prescaler produces a
fast transition at nearly the maximum rate at which the pulse
generator will trigger (200 kHz). This transition is used to trig-
ger the oscilloscope, and a replica of the transition is delayed,
passed through a limiting amplifier, and then used to trigger
the pulse generator, which is simultaneously measured on
channel 3. The generated pulse has a nominal 10% to 90%
transition duration of 14.9 ps, and the sampler of channel 3 has
a roughly 70-GHz bandwidth with root-mean-square additive
noise of 1.1 mV (with no signal applied). The internal archi-
tecture of the (commercially available) sampling oscilloscope
[3] [11] is such that the trigger pulse starts the timebase of
the oscilloscope. After a programmed delay, the timebase fires
a single strobe pulse that is split to trigger all three of the
samplers. Since the dominant timing errors in the measurement
are due to the process of triggering the timebase and to the
timebase itself, characterization of the timing errors in the si-
nusoids is a good estimate of the timing errors in the pulse gen-
erator. Additional sinusoids are measured at 6.6 and 6.5 GHz
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for the purpose of estimating the timebase distortion [5], [12]
and using it as an initial guess for the timebase error. The
criteria for selecting the frequencies of the sinusoids are given
in [3, Sec. 4].

In a typical experiment, waveforms are transferred to an ex-
ternal computer for postprocessing. We measure 100 quadrature
sinusoids and waveforms of interest at the desired frequency
(6.5408 GHz in this example) on channels 1, 2, and 3. We
also measure 10 additional quadrature sinusoids at each of the
two different frequencies (6.6 and 6.5 GHz in this example).
We first estimate the timebase distortion based on all sinusoids
and use it as an initial guess for the timebase error. Then, for
each of the 100 sets of waveforms, we estimate the timebase
error based on the sinusoids measured on channels 1 and 2 and
use the new timebase to interpolate the waveform of interest
measured on channel 3 to equally spaced time points. The
covariance matrix of the interpolated waveform is also obtained
using (15). Consequently, 100 interpolated waveforms and as-
sociated covariance matrices S; are calculated. The mean of the
100 waveforms is taken to be the measured waveform. We cal-
culate two sources of uncertainty for the mean waveform. The
first source of uncertainty is based on the “pooled” result of the
100 covariance matrices S';. The second source of uncertainty
is the variation among the 100 interpolated waveforms. We
combine these two uncertainties to obtain the covariance matrix
of the mean waveform.

The time-measurement window (waveform epoch) for the
experiment is 5.1 ns with 4096 samples. The waveform is
interpolated on 2048 evenly spaced time points from 0.02 to
5.02 ns. For illustration, we report only the results correspond-
ing to the first set of measurements. In this set of measurements,
the weight used in the timebase correction procedure is w =
2.397. With this value of w, the weighted residual sums of
squares corresponding to ¢ [the first two terms on the right-hand
side of (3)] and ¢ [the third term on the right-hand side of (3)]
are 0.0029 and 0.0027, respectively. The residual standard error
6 in (12) is estimated by /(0.0029 + 0.0027)/(4096 — 14) =
0.0012, where 14 is the number of parameters in 61 and 65
of (3).

Fig. 2 displays the interpolated waveform (top panel) and
its uncertainty (bottom panel). The uncertainties are the square
root of the diagonal elements of the covariance matrix S,
which is obtained by use of (15) with S, = 621, where 6.
is the estimate of the standard deviation of the distribution
of the random additive noise ¢;; in (1) and is given by
4/0.0029/4082 = 0.00084 in this example.

Once the covariance matrix of the waveform is obtained,
it can be used, for example, to propagate uncertainties in the
estimated pulse parameters of the waveform, such as the state
levels, amplitude, and transition duration [13].

V. CONCLUSION

In this paper, we have presented an efficient method for
calculating the covariance matrix of the new timebase of a
waveform. We have shown how to use this covariance matrix
to propagate the uncertainty of an interpolated waveform with
evenly spaced time points.
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